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Abstract

In this study, a long-term (1000 years) integration of a simple barotropic primitive equation model was
carried out to investigate the typical magnitude and spectral features of natural variability of the model
atmosphere.

The first experiment without an annual-cycle forcing shows no noticeable ultra-low-frequency variability.
The frequency spectrum of the model atmosphere is characterized as a white noise for the low-frequency
range beyond the period about 50 days. The spectrum then shifts sharply to a red noise for the period
shorter than 50 days, indicating a characteristic -3 power slope over the frequency domain. Although no
noticeable spectral peak is detected, we can find intraseasonal variability with a period of about 50 days
in the time series of the model atmosphere as a result from the sharp transition from the red to white
noise. Since the sole energy source of the system is a parameterized baroclinic instability of frequency
about (5-day)”!, we must have a reverse energy cascade from higher- to lower-frequency ranges along the
-3 power slope of the red noise spectrum. It is discussed in this study that the spectrum tends to be red
over the high-frequency range beyond (50-day)~! where a linear relation holds between life-time and spatial
scales for prominent atmospheric phenomena. Beyond this period, the internal non-linear dynamics of the
primitive equation can not sustain large energy because the spatial scale of the Earth is finite. As a result,
the very-low-frequency variability results in the white noise spectrum.

Next, the same simple model is integrated with an annual-cycle forcing for 100 years to investigate the
excitation of harmonics and subharmonics expected by the non-linear dynamic modulation of the annual-
cycle forcing. The results show, however, that the spectral features are not altered by the inclusion of the
annual cycle, except for the isolated spectral peak associated with the annual-cycle forcing. We suggest
from the results of this study that the harmonics and subharmonics, such as semiannual and biennial
oscillations, are not excited solely by the non-linear dynamic modulation of the forced annual cycle in the

atmosphere.

1. Introduction as El-Nino events, volcanic eruptions, and increased
anthropogenic greenhouse gases. However, little is
known about the nature, magnitude, or the spectral
features of the internally-generated low-frequency
variability.

Atmospheric general circulation models under a
fixed boundary condition or a prescribed sea sur-
face temperature (SST) indicate their own natural
variability determined by the characteristic physical
processes included in the models (see Hansen et al.,
1988; Sperber and Palmer, 1995). Likewise, coupled
atmosphere-ocean models and more complicated cli-
mate system models would indicate their own nat-
1 Present Affiliation: Hamagin Research Institute, Ltd. ural variability under a wider class of fixed bound-
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Low-frequency variability in nature may be clas-
sified in two components: one is caused by external
forcing and the other by internal natural variability
which occurs even under a fixed boundary condition.
A detailed analysis of the low-frequency variability
and ultra-low-frequency variability is an important
research subject in the issues of long-range forecast-
ing and the global change. The first step to assess
the low-frequency variability is to separate the nat-
ural variability of the atmosphere from the forced
trend and variability due to external forcing such
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and astronomical parameters (e.g., Stouffer et al.,
1989; 1994; Wigley and Raper, 1990; Manabe et al.,
1991; Manabe and Stouffer, 1996). With an energy-
balance model, Wigley and Raper (1990) showed
that a simple ocean model can produce a natural
trend of up to 0.3°C during 100 years solely by the
internal natural variability of the model. The pro-
cess which determines the magnitude of the natural
variability depends highly on the complexity of the
model. However, it is not clear to what extent the
natural variability depends on the complexity and
the internal non-linear structure of the model. Even
a simple baroclinic model with an energy source and
sink (e.g., James and Gray, 1986; James and James,
1989; James et al., 1994) can show its characteristic
natural variability. Hence, it is an interesting sub-
ject to evaluate the magnitude of the natural vari-
ability for different climate models and find some
rules between the model complexity and the induced
natural variability.

Recently, a new type of a simple barotropic model
with an energy source and sink was developed by
Tanaka (1991) based on a three-dimensional nor-
mal mode expansion of the atmospheric variables.
The model is capable to simulate a realistic low-
frequency variability, such as blocking events on a
sphere, and is sufficiently fast to integrate in time.
Therefore, it is straightforward to apply the model
for a study of natural variability of a simple model
atmosphere. The first objective of this study is
to find the characteristics and typical magnitude of
the natural variability of the model atmosphere by
a long-term (1000 years) integration of the simple
model under a fixed boundary condition. The re-
sults will be compared with the natural variability
of other simple models (e.g., James and James, 1989;
James et al., 1994).

The next step of this study is to introduce the
fundamental atmospheric periodicity of the annual
cycle. James and James (1989) reported that the
interannual variability with periods of up to 10-40
years was generated internally by the non-linear dy-
namics of a simple primitive equation model with an
imposed annual-cycle forcing. According to the re-
cent study by Zhao and Takahashi (1996), intrasea-
sonal and interannual oscillations may be excited
by superharmonic and subharmonic resonances of
the seasonal cycle, respectively. Zhao and Takahashi
considered the response of the tropical Kelvin waves
to the cumulus heating with a seasonal cycle under
a certain form of damping to derive the so-called
Mathieu equation. The Mathieu equation is linear
with respect to a state variable and is regarded as a
simple harmonic oscillator with an external annual
forcing which is, however, a function of the state
variable. The solution is known to have superhar-
monic and subharmonic resonances, that is referred
to as parametric instability, induced by the annual

forcing. It is our aim to investigate the parametric
instability under a fully non-linear primitive equa-
tion model.

The main objective of this study is to find if the
imposed annual-cycle forcing could generate its har-
monics and subharmonics over the rest of the fre-
quency domain. Semiannual and biennial oscilla-
tions or the intraseasonal and interannual variabili-
ties might be excited as the non-linear modulation
of the strong annual cycle. The results will be com-
pared with the aforementioned 1000-year run with-
out the annual forcing to assess the role of the forced
annual cycle on the low-frequency natural variabili-
ties.

A brief description of the spectral primitive equa-
tion model is given in Section 2. The results for
a 1000-year run without the annual-cycle forcing is
presented in Section 3. In Section 4, we describe
the results for a 100-year run with the annual-cycle
forcing. Section 5 is devoted to a summary of our
results and some concluding remarks.

2. Model description

The model description is detailed in Tanaka
(1991), and a brief description is presented here. A
system of primitive equations with a spherical co-
ordinate of longitude A, latitude €, pressure p, and
time ¢t may be reduced to three prognostic equa-
tions of horizontal motions and thermodynamics for
three dependent variables of U=(u, v, ¢)T. Here,
u and v are the zonal and meridional components
of the horizontal velocity. The variable ¢ is a de-
parture of the local isobaric geopotential from the
global mean reference state, and the superscript T
demotes a transpose. Using a matrix notation, these
primitive equations may be written as

M%(tl+LU=N+F. (1)

The left-hand side of (1) represents linear terms with
matrix operators M and L and the dependent vari-
able vector U. The right-hand side represents a non-
linear term vector N and a diabatic term vector F
which includes the zonal and meridional components
of frictional forces and a diabatic heating rate.

In order to obtain a system of spectral primitive
equations, we expand the vectors U and F in 3-
D normal mode functions in a resting atmosphere,

Hnlm(/\v 691’):
U()‘7 97 p; t) =

N L M
3 Y tnm® Xm0 6,0),  (2)

n=—N l=0 m=0

F(X,0,p,t)

N L M
= Z Z Z fn[m(t)Ymnnlm(/\s g,p) (3)

n=—N =0 m=0
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Here the expansion coefficients wy,im(t) and fpim(t)
are the functions of time alone. The subscripts rep-
resent zonal wavenumbers n, meridional indices !,
and vertical indices m. They are truncated at N, L,
and M, respectively. The model truncation is ex-
tended in this study to zonal wavenumber 20, which
is comparable to rhomboidal 20 truncation with an
equatorial wall. The scaling matrices X,, and Y,
should be defined for each vertical index. The 3-D
normal mode functions II,,;,. (), 8, p) are given by a
tensor product of vertical structure functions (verti-
cal normal modes) and Hough harmonics (horizontal
normal modes) associated with the linear operators
M and L, respectively. It is known that they form
a complete set and satisfy an orthonormality condi-
tion under a proper inner product ( , ) as:

<Hnlm, l—In’l’m’> = 6nn'6ll’6mm’;

where the symbols §;; is the Kronecker delta.
Applied to the inner product for (1), the weak
form of primitive equation becomes

(4)

<M%§+LU—N—FJgHum>=Q (5)
Substituting (2) and (3) into (5), rearranging the
time-dependent variables, and evaluating the re-
maining terms, we obtain a system of 3-D spectral
primitive equations in terms of the spectral expan-
sion coeflicients:

dw;
?ri +io,w; = —1 ankijk + fis
ik
i=1,2,3,.. (6)

where 7 is a dimensionless time, the symbol o; de-
notes the eigenfrequency of the normal mode at a
resting atmosphere, and r;;; is the interaction co-
efficient for non-linear wave-wave interactions. For
simplicity, the triple subscripts nml are shortened
to a single subscript :.

The spectral primitive Eq. (6) is integrated by
Tanaka (1995) for the study of a life-cycle of non-
linear baroclinic waves. The result clearly shows
that baroclinic waves draw energy from baroclinic
components of the atmosphere and feed the energy
to the barotropic components. It was found that
the important baroclinic-barotropic interaction is
accomplished by baroclinic instability, which pumps
the zonal baroclinic energy to barotropic compo-
nents of the atmosphere.

The process of baroclinic instability may be read-
ily analyzed by linearizing (6) with respect to a
proper zonal basic state. In order to solve the most
unstable linear mode, a perturbation method is in-
troduced using notations w; for a time-independent
zonal basic state and w’ for small perturbations su-
perimposed on the basic states (the same symbols
with the original variables are used for convenience).
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The equation for the first-order term of perturba-
tions becomes

K /K
dw; . . —
drl +iow; = *ZZ (Z("'ijk + Tikj) Wk )wj,

j=1 \k=1
i=1,23,...,

™

where the index k is used for the basic state and ¢
and j for the perturbations. Here, inviscid and adi-
abatic eddy is examined, disregarding the pertur-
bations of forcing. For a zonal basic state (Wi #0
if n=0), we can rewrite the equation in terms of a
matrix form for each n >0:

iW,1 +1iD,W,, = —iB,W,,
dr
n=12,...,N, (8)
where
Wn= (wl,...wi,...wK)T, (9)
D = diag(o1,...04,...0k), (10)

and K = (L+1)(M+1). The (4, j) entries of the ma-
trices B, namely b;;, are evaluated by the expansion
coefficients of the basic state wy:

K
bi; = Z(Tijk + Tikj ) Wk-
k=1

i,j=1,2,... K, (11)

The zonal-wave interaction B, vanishes for a ba-
sic state at rest (w,=0), thus the Eq. (8) satisfies
the normal mode relation for Laplace’s classical tidal
theory.

Because (8) is linear, we can assume the solution
of W, as:

Wy (1) = £ exp(—ivT). (12)

The initial value problem (8) is then reduced to an
eigenvalue problem for a real matrix to obtain eigen-
vectors £ and eigenvalues v as:

vE = (Dn + Bat. (13)

Those eigenpairs v and £ are evaluated by the stan-
dard matrix eigenvalue solver. They will be used
as the important tools of the parameterization of
baroclinic instability for a barotropic model. The
distribution of the growth rates and the structure
of the unstable modes are discussed by Tanaka and
Kung (1989) and Tanaka and Sun (1990) for a basic
state of monthly mean FGGE (First GARP Global
Experiment) data for January 1979. The growth
rate of the most unstable Charney mode is about
0.47 day~! at the zonal wavenumber 7, which cor-
responds to an e-folding time about 2 days.

In the 3-D spectral representation, the verti-
cal expansion basis functions may be divided into
barotropic and baroclinic components. In this study,
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we attempt to construct a spectral barotropic model,
using only the barotropic components (m=0) of w;.
The spectral equations for such a barotropic model
have the same form as for the baroclinic model (6),
except the fact that the barotropic-baroclinic inter-
actions should be included formally in f;. In this
study, we consider the following physical processes:

fi=(BC)i + (DF)i + (DZ); + (DP);, (14)

where (BC); represents the baroclinic instability,
(DF); the biharmonic diffusion, (DZ); the zonal
surface stress, and (DP); the damping of planetary
waves. The unique energy source of the model is
(BC); as a major part of the barotropic-baroclinic
interactions, and the rest of the three physical pro-
cesses are the energy sinks of this model.

The baroclinic instability is parameterized using
a complex eigenvector &; obtained as an eigenvalue
problem (13):

(BC): = —iv(r)a(r)&:,
a(r) = (&, wi), (15)

where the operator (,) is a vector inner product
of complex numbers, which evaluates the orthog-
onal projection of w; onto the unstable subspace
&; for each zonal wavenumber. The growth rate of
the most unstable mode v(r) associated with §; is
treated as constant vy for the 1000-year integration
in Section 4. In Section 5, v(7) is consider to vary
with a one-year period. Since (BC); is the unique
energy source of the model, changing the growth
rate may be the simplest way to introduce an an-
nual oscillation:

v(r) = <0.8+0.2cos (2”77)) Yo. (16)

The growth rate vy is evaluated for a northern win-
ter basic state by Tanaka and Kung (1989). Accord-
ing to the computation, the peak value of the growth
rate of Charney modes (0.47 day~1!) for a winter ba-
sic state is reduced to about 60 % (0.27 day~!) for a
summer basic state. For this reason, the growth rate
is controlled in this study to oscillate at a one-year
period T within the 60-100 % range of 1. As will be
shown in the results, the annual cycle so introduced
by this variation results in a quite reasonable range
of the annual cycle of total energy, in comparison
with the observational analyses by Kung (1988) and
Tanaka and Kung (1988).

When the model is integrated in time, the en-
ergy of smaller-scale eddies is transferred to plane-
tary waves by the up-scale energy cascade as the fea-
tures of the two-dimensional turbulent flow. With-
out the assistance of a damping mechanism, the en-
ergy is accumulated excessively in planetary waves,
and they start to propagate westward in the model
atmosphere. In this study, we imposed a small
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damping for planetary waves to stop such a west:
ward propagation. The damping is applied only to
the highest-frequency (i.e., the largest ;) planetary
waves which are supposed to propagate westward
under the scale argument by Dickinson (1968). The
magnitude of the damping is assumed to be propor-
tional to the vertical group velocity, evaluated as

8o, .
Bh "
60’i
(DP)i= -8 o Vi (17)

where h is an equivalent height and 3 is an appro-
priate damping constant.

In present study, we analyzed the time series of to-
tal energy (i.e., sum of kinetic energy and available
potential energy) as one of the most fundamental
variables representing the global state of the atmo-
sphere. In the spectral domain, the total energy is
simply the sum of the energy elements E,,;,, which
is defined by the squared magnitude of the state
variables wp,m:

1
Entm = ‘épshm|wnlm|2» (18)

where p, is surface pressure of the reference state.
It is not necessary to transform all state variables
to the physical space from the spectral space. The
choice of total energy for the time series analysis
is rather arbitrary but is the most suitable variable
for an analysis of extremely long time series, such as
1000-year runs.

3. Results of a control run without an annual
cycle

We integrated the simple barotropic model for
1000 years as a control run under a fixed bound-
ary condition. Figure 1 illustrates the time series of
the total energy of the model atmosphere for 1, 10,
100, and 1000 years, respectively for (a) to (d). The
model output is stored every 24 hours. These time
series are the plots of daily values and 10-day, 100-
day, and 1000-day averages, respectively. Namely,
every panel of the time series contains 365 points of
data.

Figure 1a shows a smooth variation of the energy
level, starting from about 11 x 10° Jm~2. The en-
ergy has increased to 17 x 10° Jm~2 after about 20
days and has reached to a level of equilibrium, fluc-
tuating around the mean. This time series seems to
contain a low-frequency variability with a period of
approximately 50 days. Figure 1b illustrates a sim-
ilar time series, but for 10-day mean values during
10 years. We can see the initial increase at the first
20 days at the left-most edge of the time series. The
energy level varies within a range from 14 to 22 x
10° Jm~2. This range characterizes the magnitude
of the natural variability of the model atmosphere.
Figure 1c is for the 100-day mean time series during
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Fig. 1. Time series of the total energy of the control run for 1, 10, 100, and 1000 years, respectively for
(a) to (d). The values in the figures contain 365 points of daily value, 10-day mean, 100-day mean,
and 1000-day mean, respectively for (a) to (d). The units are 10° Jm™2.
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Fig. 2. Power spectrum of the time series
of the total energy for the 1000-year in-
tegration. The power spectrum is es-
timated by the FFT routines and is
smoothed by averaging 64 terms of the
original power spectrum.

100 years. Since the 100-day mean filters out most
of the dominant internal fluctuations, the range of
the natural variability is reduced substantially com-
pared with the 10-day mean time series in Fig. 1b.
Finally, Fig. 1d illustrates the 1000-day mean time
series during 1000 years. The range of the natural
variability has been reduced to about 1 x 10° Jm~2
for this time scale. This time series differs substan-
tially from that of Fig. la in its characteristics of
variation. It is found by this demonstration that
there is practically no ultra-low-frequency variabil-
ity at this time scale.

Figure 2 illustrates the power spectrum of the
time series of the total energy for the 1000-year
integration. The power spectrum is estimated by
the standard FFT routines with the 1000-year daily
data. Since the frequency resolution is so fine,
the original power spectrum is averaged for every
64 terms over the frequency domain to plot the
smoothed spectrum. The frequency resolution of
the spectrum is still fine enough to argue the de-
tailed spectral properties.

The result clearly separates the two characteris-
tic spectral slopes at the low- and high-frequency
ranges. Obviously, the spectrum is white for the pe-
riod beyond 50 days. In other words, the random
variable has no memory of the past for a variation
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beyond the 50-day period. In contrast, the spectrum
is red for periods shorter than 50 days. Namely, the
random variable remembers its own past to some ex-
tent for a variation of periods shorter than 50 days.
Interestingly, the spectral slope for the red noise
obeys approximately the -3 power of the frequency.
The model has an energy source of frequency near
(5-day)~! due to the parameterized baroclinic in-
stability. Separated by this energy source, the spec-
tral slope shifts to -4 power of the higher-frequency
range over (5-day)~! to (2-day)~!. The red-noise
spectrum extends over the range up to (50-day)~!.
Although there is no apparent spectral peak near
(50-day) !, we can observe a dominant variation of
time scale about 50 days, as in Fig. 1a, due to the
fact of the dominant spectral power at this range rel-
ative to the higher frequency range of the red noise.

According to Wigley and Raper (1990), a sim-
ple energy balance model for global mean tempera-
ture changes may be reduced to a simple statistical-
dynamical model described by Hasselmann (1976)
in a form:

dAT

dt

where AT is changes of the global mean ocean tem-
perature, AQ is a heating rate which is considered
as white-noise forcing with a uniform spectrum, and
) is a feedback parameter. The linear term in the
right-hand side stands for the thermal inertia of
the thermodynamic system represented by the feed-
back parameter )\, and the white-noise forcing de-
scribes high-frequency fluctuations induced by the
atmospheric weather system. As the analytical solu-
tion of the system, the frequency spectrum becomes
white at very-low-frequencies due to the predomi-
nant white-noise forcing compared with the linear
term on the right-hand side. In contrast, the tem-
perature response to a white-noise forcing produces
a red-noise frequency spectrum with a slope of -2
power at the high-frequency range due to the ther-
mal inertia of the ocean. There is a clear transition
from the white-noise to red-noise spectra. The spec-
tral features agree well with the present study, al-
though the slope of the red noise is slightly different.

With a multi-level primitive-equation model (run
B), James et al. (1994) obtained a frequency spec-
trum of approximately -3 power slope at the high-
frequency range and an abrupt transition to white-
noise spectrum at the low-frequency range, as ob-
tained in the present study. The transition occurs
at the frequency corresponding to about a 60-day
period. In their study, the time series investigated
is not the total energy but the first principal compo-
nent of the zonal jet which represents a global char-
acteristic of the model atmosphere. Their model has
5 vertical levels, but a seven-folding symmetry (n=0,
7, 14) is imposed for T21 truncation. Hence, the

= —MAT + AQ, (19)
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degree of freedom of their model is comparable to
our model. The power spectrum obtained by James
et al. (1994) contains more variability at the low-
frequency range than the present result. The dif-
ference comes mainly from the variability in zonal
motions which are relaxed to the climate value in
this study by (DZ);. The overall spectral features
in Fig. 2 are thus determined by zonal eddies in the
present model.

We may infer from this demonstration that the
non-linear dynamics of the primitive equation model
produces a pure white-noise spectrum at the ultra-
low-frequency range. The contribution from the
non-linear advection term may be treated as a white-
noise forcing for the low-frequency range. Some lin-
ear terms tend to dominate the white-noise forc-
ing at the high-frequency range beyond (50-day)~!
where a red-noise spectrum is created out of the
transient forcing. It is not clear, however, why the
red-noise slope for the non-linear primitive equation
model must be -3.

4. Results for a run with an annual cycle

Next, we integrated the same model for 100 years
with the annual-cycle forcing as described in Sec-
tion 2. Figure 3 illustrates the time series of the to-
tal energy of the model atmosphere for the first 10
and 100 years, respectively, for (a) and (b). Those
time series are the plots of 10-day and 100-day
means during 10 and 100 years, respectively as in
the previous case. Figure 3a shows random vari-
ations of the energy level around the equilibrium
state of about 15 x 10° Jm~2. This time series con-
tains low-frequency intraseasonal variabilities super-
imposed on the annual cycle. We find that the total
energy oscillates within the range from 12 to 20 x
10% Jm™2. The initial adjustment of the model at-
mosphere from an axisymmetric flow is seen at the
left-edge of the time series. Figure 3b is for the 100-
day mean time series during 100 years. Although the
100-day mean filters out most of the dominant os-
cillations, the annual cycle still remains clear, show-
ing 100 sharp peaks in the time series. Both the
intraseasonal and interannual variabilities are de-
tectable in the time series. However, there is no
clear trend nor systematic interdecadal variations as
in the case of Section 3.

Figure 4 illustrates the power spectrum of the
time series of the total energy for the 100-year in-
tegration with the annual cycle. The power spec-
trum is estimated by the same FFT routines as for
the 1000-year daily data. Since the frequency res-
olution is 10 times coarser than the 1000-year run,
the original power spectrum is averaged for every
8 terms over the frequency domain to obtain the
smoothed spectrum. The frequency resolution of the
spectrum is still fine enough to argue the detailed
spectral properties. The result shows that the main
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difference between these two runs with and without
the forced annual cycle is the sharp spectral peak
at the one-year period detected in Fig. 4. The re-
sult clearly separates the two characteristic spectral
slopes at the low- and high-frequency ranges. As in
the previous case, the spectrum is white for a period
beyond 50 days, and it is red for a period shorter
than 50 days. The spectral slope indicates the same
-3 power law. These features are identical to the
former results shown in Fig. 2. It is important to
note from the comparison of the results that there
are no obvious harmonics nor subharmonics associ-
ated with the forced annual cycle. The semi-annual
oscillation and biennial oscillation are most likely to
be excited since these are the first harmonics and
the subharmonics, respectively. We find, however,
that the spectral peaks are missing, even for those
oscillations.

The result of this study is compared with the con-
clusion derived by Zhao and Takahashi (1996) who
have proposed conversely that the intraseasonal and
interannual oscillations may be excitation as the re-
sult of the superharmonic and subharmonic reso-
nances with the seasonal cycle, respectively. They
considered the response of the tropical Kelvin waves
to the cumulus heating with a seasonal cycle under a
certain form of damping to derive so-called Mathieu
equation in a form:

2

(27[2] = [a — 2g cos(2t)] U. (20)
The Mathieu equation is linear with respect to a
state variable U and is represented by an inher-
ent oscillation parameter a and an annual-cycle con-
troller g. The equation may be regarded as a simple
harmonic oscillator with an external annual forc-
ing which is a product of U. The linear solution
is known to have superharmonic and subharmonic
resonances which is referred to as parametric in-
stability. Compared with their model, our model
is highly non-linear with a complete representation
of advection. The superharmonic and subharmonic
resonances may have occurred locally in our model,
but the results appear to be highly turbulent, in-
dicating a spectral power low at the all frequency
bands. In this study the harmonics and subhar-
monics were expected as a result of the non-linear
interactions of the internal dynamics of the strong
annual cycle, rather than a modulation of the exter-
nal forcing. The results suggest that the harmonics
and subharmonics have been filled up by the white
and red noise due to the vigorous turbulent mixing.

The result of this study is further compared with a
laboratory experiment of a 2-D turbulence theory in
Fig. 5 for developing harmonic resonances (see Sato,
1991). Figure 5a schematically illustrates an initial
state of a forced line spectrum superimposed on a
background noise (dashed line). Due to the non-

NACSI S-El ectronic

Library

Service



Met eorol ogi cal

Society of Japan

December 1996

(a)

H.L. Tanaka, K. Kimura and T. Yasunari

917

Time Series

26 T L) Bl T v

24}t

Total Energy
= S R

e
»n

14 Li
12 .
10 1 1 1 1 i 1 1 L i 1 A i
0 300 600 900 1200 1500 1800 2100 2400 2700 3000 3300 3600
Time in Days
(b) Time Series

26 T T 1 T T

24+

22+

Total Energy
> ® 3

-
E-3
T

12

10

| l 1 )] 1 1 1 1 1 1 1 Il
0 3000 6000 9000 12000 15000 18000 21000 24000 27000 30000 33000 36000

Time in Days

Fig. 3. As in Fig. 1, but for the experiment with the annual cycle forcing. The values in the figures
contain 365 points of data for (a) 10-day mean during 10 years and (b) 100-day mean during 100

years, respectively. The units are 10° Jm™2.

linearity of the fluid system, the forced line spec-
trum yields its harmonics as seen in Fig. 5b. The
exited line spectra can interact with the continuous
spectrum of the background noise to raise the en-
ergy level of the background noise, as in Fig. 5c. Fi-
nally, the energy of the fluid has spread over the all
frequency ranges to reach to a saturated turbulent
flow, as seen in Fig. 5d. The sequence of the pic-

tures is quite instructive to understand the result
of this study. Intuitively speaking, the harmonics
and subharmonics might have been excited in our
non-linear model by the inclusion of the forced an-
nual cycle. However, the non-linear scattering of
the energy peaks associated with these line spectra
is so strong that the weaker spectral peaks seem to
have spread away over the rest of the spectral range.
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Fig. 4. As in Fig. 2, but for the experiment
with the annual cycle forcing for the
100-year integration. The power spec-
trum is estimated by the FFT routines
and is smoothed by averaging 8 terms of
the original power spectrum. The sharp
spectral peak corresponds to the annual
cycle.

In other words, the atmosphere is highly turbulent,
containing a saturated amount of energy over the all
frequencies and to have obscured the harmonics and
subharmonics.

5. Summary and concluding remarks

The first part of the objectives of this study is
to find the typical magnitude and spectral features
of natural variability of the model atmosphere by a
long-term (1000 years) integration of a simple model
under a fixed boundary condition. The results of
the 1000-year time integration may be summarized
as follows:

1. The time series of total energy of the model
atmosphere shows the long-term average of 17
x 10° Jm~2 and the natural variability within
the range of 14 ~ 22 x 10° Jm~2, indicating
a clear intraseasonal variability with its period
about 50 days.

2. The frequency spectrum of the model atmo-
sphere is characterized as a white noise for the
low-frequency variability with its period longer
than 50 days. In contrast, the spectrum is char-
acterized as a red noise for the period shorter
than 50 days.

Vol. 74, No. 6

3. It is found from this study that the red-noise
spectrum over the spectral range for (50-day)~!
to (5-day)~! obeys a characteristic -3 power
low. Since the sole energy source into the sys-
tem is a parameterized baroclinic instability at
a frequency of about (5-day)~!, we must have
a reverse energy cascade from higher- to lower-
frequency ranges along the -3 power slope of the
red-noise spectrum.

Both the intraseasonal and interannual oscilla-
tions are detectable in the original time series as
a part of the red and white noise. The result of the
time spectral analysis indicates, however, no specific
spectral peak associated with the intraseasonal time
scale (about 50 days). The apparent intraseasonal
variability may have resulted from the sharp tran-
sition from the red to white noise at a frequency of
about (50 days)~!. The transition to white noise
at the very-low-frequency range implies a reduction
of the spectral power compared with the case of
a red noise extending all the way to the very-low-
frequency range. For this reason, the 50-day oscil-
lation appears to be most dominant over the wide
range of the frequency. This interpretation may be
applied to some intraseasonal variabilities observed
in the real atmosphere. Namely, an intraseasonal
variability in the atmosphere may be regarded sim-
ply as the low-frequency edge of the red noise.

It is still unclear why the spectral features shift
from red to white at the specific frequency about
(50 days)~!. One of the possible interpretations of
the question is to relate to the widely-known fact
of the linear relation between life-time scale and
spatial scale of prominent atmospheric phenomena,
such as boundary-layer turbulence, cumulus convec-
tion, synoptic disturbances, and planetary waves.
As far as the atmospheric phenomena lie on the
universal line of the time-space relation, the time
spectrum tends to be red since the larger is the spa-
tial scale, the more is the spectral energy. Once
the time scale exceeds about 50 days, the time-
space relation breaks down due to the finite scale
of the Earth. Then, the spectral energy of very-
low-frequency variability can not sustain large en-
ergy, as expected from the extrapolation of the red-
noise power spectrum. Therefore, the spectral en-
ergy level is bounded from above for the very-low-
frequency variability to result in the white-noise
spectrum. Although this interpretation is yet a spec-
ulation under the subject of further examination,
we propose that the clear transition from the red to
white noise is related to the finite size of the Earth.

The second part of the objectives of this study
is to find whether the imposed annual-cycle forc-
ing could generate its harmonics and subharmon-
ics, such as semiannual and biennial oscillations, by
means of the non-linear dynamic modulation of the
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Schematic illustration of develping harmonic resonances (line spectra), and a saturation of

turbulent energy (dashed line) over the entire frequency range (after Sato, 1991). Refer to the text

for the detail of the explanation.

strong annual cycle. The results of the 100-year time
integration of the simple model with the forced an-
nual cycle may be summarized as follows:

1. By changing the growth rate of the parame-
terized baroclinic instability over the 60-100 %
range of the standard winter condition, we find
that the total energy oscillates over the range
from 12 to 20 x 10° Jm~2. A clear spectral
peak is generated at the one-year period, as ex-
pected.

2. The frequency spectrum is characterized as a
white noise for the period beyond 50 days, and
it is red for the period shorter than 50 days.
These features are not altered by the inclusion
and exclusion of the annual cycle.

3. The spectral peaks corresponding to the har-
monics and subharmonics of the forced annual
cycle, such as semiannual and biennial oscilla-
tions, are missing by the results of the spectral
analysis.

According to the results, we may conclude that
the semiannual and biennial oscillations are not ex-
cited by the internal non-linear modulation of the
forced annual cycle as far as the total energy is con-
cerned. Further studies may be necessary to under-
stand the spectral features of the natural variability,
especially for the cause of the clear separation of the
red and white noises at the intermediate frequency

range. A clear dynamical explanation is also desired
for the -3 power law of the red-noise spectrum.
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